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Abstract:
Hydraulic generating systems, are widely modeling in the literature for 
investigating their stability properties by means of transfer functions 
representing the dynamic behavior of the reservoir, penstock, surge 
tank, turbine sand the generator. Traditionally, in these models the 
electrical load is assumed constant to simplify the modeling process. This 
assumption can hide interesting dynamic behavior caused by fluctuation 
of the load as actually occurred. Hence, in this study, the electrical load 
characterized with periodic excitation is introduced into a hydraulic 
generating system and the responses of the system show a novel 
dynamic behavior called the fast-slow dynamic phenomenon. To reveal 
the nature of this phenomenon, the effect of the three parameters (i.e. 
differential adjustment coeﬃcient, amplitude, and frequency) on the 
dynamic behaviors of the hydraulic generating system is investigated, 
and the corresponding change rules are presented. The results show that 
the intensity of the fast-slow dynamic behaviors varies with the change 
of each parameter, which provides reference for the quantification of the 
hydraulic generating system parameters. More importantly, these results 
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not only present rich nonlinear phenomena induced by multi-timescales, 
but also provide some theoretical bases for maintaining the safe and 
stable operation of a hydropower station.
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Abstract: Hydraulic generating systems, are widely modeling in the literature for investigating their 
stability properties by means of transfer functions representing the dynamic behavior of the reservoir, 
penstock, surge tank, turbine sand the generator. Traditionally, in these models the electrical load is 
assumed constant to simplify the modeling process. This assumption can hide interesting dynamic 
behavior caused by fluctuation of the load as actually occurred. Hence, in this study, the electrical 
load characterized with periodic excitation is introduced into a hydraulic generating system and the 
responses of the system show a novel dynamic behavior called the fast-slow dynamic phenomenon. 
To reveal the nature of this phenomenon, the effect of the three parameters (i.e. differential 
adjustment coeﬃcient, amplitude, and frequency) on the dynamic behaviors of the hydraulic 
generating system is investigated, and the corresponding change rules are presented. The results 
show that the intensity of the fast-slow dynamic behaviors varies with the change of each parameter, 
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which provides reference for the quantification of the hydraulic generating system parameters. More 
importantly, these results not only present rich nonlinear phenomena induced by multi-timescales, 
but also provide some theoretical bases for maintaining the safe and stable operation of a 
hydropower station.
Keywords: hydraulic generating system; multi-timescales; periodic excitation; fast-slow dynamic; 
nonlinear behaviors
1 Introduction
Hydraulic generating system is a complex nonlinear system coupled by several subsystems, 
namely hydraulic system, mechanical system and electrical system (Pennacchi et al., 2012; Aggidis 
et al. 2014; Xu et al., 2016). The system involves multi-timescales in operation because of the 
different response rates of the subsystem, which leads to the occurrence of richer dynamic behaviors 
compared with the same scale, such as bursting oscillation. Such oscillation, known as the quiescent 
state (QS) and spiking state (SP), is characterized by a cluster of large amplitude oscillations that 
alternate with the line-like small amplitude oscillations, which may lead to some special forms of 
bursting phenomena (Bi et al., 2011; Izhikevich 2000; Zhang et al., 2013; Sakaguchi et al., 2016; 
Shin et al., 2017). This special phenomena has a great influence on the safe and stable operation of a 
hydropower station. Therefore, from the point of view of an engineer, it is a challenge to study the 
safe operation of a hydraulic generating system by the theory of multi-timescales.
Fast-slow dynamic analysis is the common method of studying multi-timescales coupling 
system and it is widely used in biology, physics, etc. (Teka et al., 2012; Bertram et al. 2017; 
Upadhyay et al., 2017). For example, in the biology field, Belykh et al. simulated the bursting and 
spiking dynamics of many biological cells and reveal the mechanism of different fast-slow dynamics 
(Belykh et al., 2000). Wang et al. used fast-slow decomposition method to understand the 
multi-timescale mechanisms underlying sigh generation (Wang et al., 2017). Jia et al. learnt that the 
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burst of the synchronous behaviors manifests the same pattern as the square negative current-induced 
burst of the isolated single neuron with the fast-slow variable dissection method (Jia et al., 2018). 
Song et al. studied the bursting behavior based on the bifurcation mechanisms and found that time 
delay must be large enough for bursting behavior to occur in a delayed system (Song et al., 2016). In 
the physics field, Strani presented a general procedure to describe slow dynamics in 
parabolic-hyperbolic systems, under suitable assumptions on the terms appearing in the equations 
(Strani 2018). Rubin et al. employed techniques of separating the dynamics of fast and slow 
variables to guide model development and achieve desired qualitative and quantitative solution 
properties (Rubin et al., 2018). Han et al. presented a general method to analyze mixed-mode 
oscillations and externally excited systems with two low excitation frequencies (Han et al., 2015). 
Yu et al. analyzed the dynamics of the Van Der Pol-Duffing fast-slow oscillator controlled by the 
parametric delay feedback (Yu et al., 2018). Actually, such fast-slow dynamic behaviors exist not 
only in the above field but also in the hydraulic generating system. However, as for the hydraulic 
generating system, a number of researchers have paid attention to studying the dynamic behaviors on 
the same time scale (Nanda et al., 2015; Beran et al., 2013; Soundarrajan et al., 2011; Chen et al., 
2013; Yi et al., 2018; Helseth et al., 2013; Riasi et al., 2017). A few published papers have been 
obtained with fast-slow dynamics method to study the system dynamic behaviors (Zhang et al., 2017; 
Zhang et al., 2018; Li et al., 2018). Therefore, it is essential to study the interesting scientific 
questions about fast-slow dynamic behaviors of the hydraulic generating system to reveal the 
complex nonlinear phenomenon under multi-timescales.
Motivated by the above discussions, this paper has three advantages which make the approach 
attractive comparing with the prior works. Firstly, from the perspective of an engineer, a hydraulic 
generating system model with periodic excitation is established considering the fluctuation of 
electrical load. Secondly, it is found that fast-slow dynamic phenomena occur simultaneously in 
several state parameters of a high-dimensional system for the first time, because of a slight change of 
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a single variable (i.e. the differential adjustment coefficient, the frequency or the amplitude), and the 
fast-slow dynamic phenomena are shown in detail. For example, the fast-slow dynamic phenomena 
become strong with the increase of the differential adjustment coefficient and the frequency, while 
the opposite conclusions can be obtained with the increase of the amplitude. Finally, from the point 
of view of engineering, the stable operation rules of a hydraulic generating system are analyzed using 
fast-slow dynamic analysis, and the relative deviation of turbine speed is an observable parameter 
with the current technology.
The rest of this paper is organized as follows. In Section 2, the hydraulic generating system 
model considering multi-timescales is described. Section 3 shows the effect of the differential 
adjustment coefficient, the amplitude and the frequency on the fast-slow dynamic behaviors of the 
hydraulic generating system in detail. Finally, the brief conclusions close this paper in Section 4.
2 Hydraulic generating system model
From the point of view of engineering and nonlinear dynamics, a hydraulic generating system 
with an upstream surge tank is chosen to study the fast-slow dynamic behaviors. The structural 
diagram of the hydraulic generating system is shown in Fig. 1. It consist of a reservoir, a diversion 
tunnel, a surge tank, a penstock, a hydro-turbine-generator unit and a draft tube.
Fig. 1. Structural diagram of a hydraulic generating system with upstream surge tank.
The dynamic characteristic of generator and load is (Ling 2007)
                                     (1)0ab n t g
dxT e x m m
dt
  
Fig. 2. Diagram of the hydraulic-mechanical system with upstream surge tank.
According to Fig. 2, the state equation for the hydraulic-mechanical system is obtained as
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where , , , , ,  (Shen 1998; 3( 1)y yme e h  3 1qy qyme e h  3 1x xme e h  qx qxme e h hme e ( 1)qh qhme e x 
Fang 2005).
The hydro-turbine torque is
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    
The hydraulic generating system is a typical complex system involving different time scales. 
More specially, the time scale of the hydraulic system is minute level, the time scale of the 
mechanical system is second level and the time scale of the electrical system is nanosecond level. Its 
dynamic characteristics are
 
affected by hydraulic factors, mechanical factors, electrical factors, etc.. 
Although the electrical load is always changing with the system operation varying, it appears likely 
to be a periodical state (Rostamkolai et al., 1994; Mandal et al. 2007). Therefore, the periodic 
excitation is introduced in this paper to describe the change rule of the electrical load
(6)0 sin( ),gm A wt
where A and w are the amplitude and the frequency of the periodic excitation, respectively.
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A common PID control method is used in this paper, therefore a novel hydraulic generating 
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         
The nomenclatures in Eqs. (1-7) are presented in Table 1.
Table 1. Hydraulic generating system model parameters.
3 Numerical experiments
The relative deviation of the flow in headrace tunnel (q1), the relative deviation for the base 
head of surge tank (h2), the inlet head of hydro-turbine (h3) and the relative deviation of turbine 
speed (x) are the key parameters for the stability of the hydraulic generating system with the 
changing of the differential adjustment coefficient (kd), the amplitude (A) or the frequency (w) based 
on the repeated numerical experiments. In the following contents, we focus on the dynamic 
characteristics of q1, h2, h3 and x with periodic excitation. Here, the values of the basic system 
parameters are shown in Table 2 and the numerical experiment results are carried out as shown in 
Figs. 3-5.
Table 2. The values of the system parameters.
3.1 System responses as the differential adjustment coefficient (kd) changes
In order to reveal kd with periodic excitation, the numerical experiments are carried out in Fig. 3 
where A=0.005 and w=0.1. In addition, kd=1.24 is chosen to analyze the changing rules in time 
waveforms and phase trajectory.
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Fig. 3. Fast-slow dynamic responses of the hydraulic generating system for A=0.005, w=0.1.
From Fig. 3, there are rich fast-slow dynamic phenomena for q1, h2, h3 and x, which are 
interesting phenomena because fast-slow dynamic behaviors occur simultaneously in four parameters 
of a high-dimensional complex system with only one parameter (i.e. kd) varying. From Fig. 3(a1), 
the bifurcation diagram shows a strip distribution with different density in the longitudinal direction. 
The sparse part is the jump of the spiking state and the dense part is the quiescent state in part 1, 
which is consistent with the phase trajectory and time waveform. The fluctuation range of q1 is 
decreasing with the increasing of kd and a jump occurs in the lateral direction, which means that 
fast-slow dynamic behaviors of the system are weakening. As kd increases further, the bifurcation 
diagram tends to be a straight line in part 2, which corresponds to the peak values of the spiking state 
as shown in Fig. 3(a2). The bifurcation diagram shows that the stability of the system tends to be 
stable with the increase of kd. Therefore, the values of kd in part 2 is a good choice from the 
engineering point of view. From Fig. 3(a2), small oscillations exist between the crests and troughs, 
while they are sufﬁciently weak, and hard to be observed in engineering.
It is noteworthy that similar phenomena occur in Fig. 3(b) compared with Fig. 3(a). That is to 
say that some similar conclusions can be obtained, which are omitted for the sake of brevity. 
Conversely, h2 shows some different dynamic characteristics compared with those of q1. In 
comparing Fig. 3(a1) and Fig. 3(b1), the two bifurcation diagrams show the different point density 
especially in the dense part. More intensive points in Fig. 3(b1) shows that the fast-slow dynamic 
behaviors of h2 in Fig. 3(b1) are more obvious under the same parameter values, which can be easily 
observed in Fig. 3(b2) and Fig. 3(b3). From Fig. 3(b2), the relative deviation for h2 starts with 
spiking state as it passes through the first period. The spiking state then disappears, and evolves 
towards the quiescent state 1. Finally, the first period finishes and a new cycle begins. It is apparent 
that the fluctuation of each state is different from another, which means that the fast-slow dynamic 
behaviors are not periodic. In each period, large and small amplitudes of oscillations coupling can 
consist of the fast-slow dynamic behaviors with multi-timescales.
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Fig. 3(c1) shows similar dynamic behaviors compared with Fig. 3(a1) and Fig. 3(b1). More 
specially, the fluctuation of h3 gradually decreases, and fast-slow dynamic behaviors only occur in 
part 1. The characteristic of one period begins in spiking state and ends in quiescent state. Meanwhile, 
three different states also exist in Fig. 3(c2). Compared with Fig. 3(a2) and Fig. 3(b2), the fast-slow 
dynamic behaviors in Fig. 3(c2) are more obvious. There are also some specific phenomena. More 
specifically, there are some points above the straight line of part 2. The reason is that the oscillation 
amplitude of quiescent state is greater than that of the spiking state in Fig. 3(c2).
For x, the bifurcation diagram, time waveform and phase trajectory are illustrated in Fig. 3(d). 
From Fig. 3(d1), the fluctuation of x gradually decreases and finally converges into two straight lines 
with the increase of kd, which differ in Figs. 3(a1)-3(c1). The reason discovered from Fig. 3(d2) is 
that the quiescent states occur at the crests in Fig. 3(d2), while the quiescent states exist between the 
crests and the troughs in Figs. 3(a2)-(c2). In addition, the amplitude of the quiescent state is larger 
than that of the spiking state.
From the above analysis, all the phenomena show that the fast-slow dynamic behaviors become 
weak as kd increases. From the point of view of engineering practice, the fast-slow dynamic 
phenomena are harmful to the stability of the hydraulic generating system. To avoid the fast-slow 
dynamic behaviors, the values of kd should be selected in the range of part 2. Meanwhile, h3 in Fig. 
3(c) and x in Fig. 3(d) oscillate vigorously compared with q1 in Fig. 3(a) and h2 in Fig. 3(b). Among 
the four parameters, x is an observable parameter. Therefore, we can observe the value of x to judge 
the safety and stability of the hydraulic generating system.
3.2 System responses as the frequency (w) changes
The frequency (w) and the amplitude (A) are core parameters of periodic excitation. In order to 
reveal the effects of periodic excitation intensity on the system, firstly, w is extracted in this work to 
study the fast-slow dynamic behaviors of the presented hydraulic generating system in depth under 
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periodic excitation. For the two parameters, A and kd are cited as A=0.005 and kd=1.3 in this 
subsection, respectively. To study the dynamical characteristics, w=0.1 in time waveforms and phase 
trajectory. The corresponding results are shown in Fig. 4.
Fig. 4. Fast-slow dynamic responses of the hydraulic generating system for A=0.005, kd=1.3.
Fig. 4(a) displays the fast-slow dynamic responses of the hydraulic generating system for 
A=0.005, kd=1.3. Mutation phenomena exist in Fig. 4(a1) because of the fast-slow dynamic 
behaviors as shown in Figs. 4(a2)-4(a3). In Fig. 4(a1), the sparse part and the dense part are the 
spiking state and the quiescent state in part 1, respectively. The values in part 2 equal the peak values 
of the large periodic oscillations (i.e. spiking state) in Fig. 4(a2). The fluctuation range of q1 is 
decreasing with the increase of w until it tends to be almost unchanged. This means that the fast-slow 
dynamic behavior becomes weak gradually until it disappears by increasing w. In other words, only 
certain frequency of an oscillation may suffice to achieve fast-slow dynamic behaviors, which is 
harmful to the stability of the hydraulic generating system. Therefore, the values of w in part 1 
should be avoided in order to improve the stability of the system. From Figs. 4(a2)-4(a3), the 
fast-slow dynamic behaviors of q1 in Fig. 3(a) is so weak that it is difficult to observe.
The evolution rules of the fast-slow dynamic behaviors of the system can be obvious revealed in 
Fig. 4(b1). More specifically, the bifurcation diagram in Fig. 4(b1) can also be divided into two parts. 
Part 1 demonstrates the fast-slow dynamic behaviors of the system, while the phenomenon 
disappears in part 2. This phenomenon indicates that the stability of the system improve as w 
increases. The values of part 2 are equal to the peak values of the spiking state in Fig. 4(b2). Figs. 
4(b2) and Fig. 4(b3) show that the fast-slow dynamic behaviors are characterized by a cluster of 
large amplitude oscillations that alternated with the line-like small amplitude oscillations. The 
fast-slow dynamic behaviors of h2 are stronger than those of q1. Therefore the relative deviation for 
h2 is more sensitive to w. In addition, the quiescent state occurs in the latter part of a cycle, and then 
goes to another cycle. The oscillation fluctuation and duration time of each cycle is differs from each 
other, i.e., it shows non-periodic.
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Similar change rules can be obtained in Fig 4(c) compared with Figs. 4(a)-(b) because of the 
similar dynamic behaviors. However, a difference also exists with each other. More sharp and 
obvious oscillations can be observed in Fig 4(c). Some amplitudes of the spiking state are smaller 
than those of the quiescent state. It is consistent with the phenomenon that there are several points 
above the straight line in part 2 as shown in Fig. 4(c1).
As for Fig 4(d1), complex fast-slow dynamic behaviors arise in part 1. The fluctuation range of 
x shows similar tendency compared with that of Figs. 4(a1)-(c1), i.e., the fluctuation range is 
decreasing and jump phenomenon exists in Fig. 4(d1). The values of part 2 are consistent with the 
peak values of the spiking state in Fig. 4(d2). The oscillation pattern of the relative deviation of 
turbine speed (x) in Fig. 4(d) is different with that of Figs. 4(a)-(c). More specifically, the oscillation 
maintains spiking state at the beginning before the crest. At the crest, it exits the spiking state and 
enters the quiescent state. Then, the quiescent state disappears and evolves towards the spiking state 
again. Finally, a complete cycle of the fast-slow dynamic behaviors is completed and a new 
oscillation cycle commences.
All the above phenomena in Figs. 4(a)-(d) mean that only certain frequencies can lead to the 
fast-slow dynamic behaviors to occur. The fluctuation range lessens with the increase of w. Although 
the fast-slow dynamic behaviors exist in every variable, the intensity is differs in each other. The 
intensity of h3 and x is stronger than that of q1 and the relative deviation for h2. Meanwhile, the 
values of w in part 2 can improve the stability of the system.
3.3 System responses as the amplitude (A) changes
In this subsection, A is chosen to investigate the fast-slow dynamic behaviors of the hydraulic 
generating system. Here, the values of kd and w are 1.3 and 0.1, respectively. Note that A=0.0053 in 
the numerical experiments of time waveforms and phase trajectory.
Fig. 5. Fast-slow dynamic responses of the hydraulic generating system for kd=1.3, w=0.1.
Bifurcation diagram, time waveform and phase trajectory in Fig. 5(a) show that fast-slow 
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dynamic behaviors exist in the hydraulic generating system when A is assigned different values. Fig. 
5(a1) is divided into two different parts, namely part 1 and part 2. The fluctuation range is almost 
unchanged in part 1, and the values correspond to the peak values in Fig. 5(a2). The fluctuation 
range shows a signiﬁcant change with the increase of A in part 2. As shown in part 2, the intensive 
section represents the quiescent state on the vertical axis, which is observable in Fig. 5(a2) and Fig. 
5(a3). On the horizontal axis, it is obvious that the fluctuation range of q1 expand as A increase. The 
extensive range indicates that the fast-slow dynamic behaviors become stronger, which is harmful to 
the stability of the hydraulic generating system. In other words, the values of A should be in part 1 to 
improve the system reliability and stability. From Fig. 5(a2) and Fig. 5(a3), the characteristic of the 
system is large periodic oscillations coupled with repeated small oscillations. There are weak 
fast-slow dynamic behaviors between the crests and the troughs. Therefore q1 is not sensitive to A on 
the fast-slow dynamic behaviors.
Similar phenomenon also can be seen in Fig. 5(b). Therefore, similar conclusions can be 
achieved, which are not illustrated in detail for the sake of brevity. In Fig. 5(b1), it worth noting that 
the point density of h2 is larger than that of q1 in Fig. 5(a1). The reason why this interesting 
phenomenon appears is that the fast-slow dynamic behaviors of q1 are weaker than that of h2. The 
general fluctuation trend of h2 is in accordance with that of q1, which enlarges with the increasing of 
A. The difference between q1 and h2 is the fluctuation intensity and duration time as shown in Figs. 
5(a2)-(a3) and Figs. 5(b2)-(b3). The quiescent states in Fig. 5(a) and Fig. 5(b) exist between the 
crests and the troughs. Fig. 5(a) and Fig. 5(b) also show that the cycle of the oscillation is the 
spiking state firstly and the quiescent state secondly.
Fig. 5(c) shows the interesting dynamic behaviors of the hydraulic generating system. As shown 
in Fig. 5(c1), the fluctuation range is almost unchanged at the beginning and then increases suddenly 
as the amplitude (A) increases. There is an interesting phenomenon from part 1 to part 2 called jump. 
The straight line in part 1 not only indicates the system is in a stable state, but also presents the peak 
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values of the spiking state. Fig. 5(c2) shows that the system is in the spiking state firstly, and then 
jumps into the quiescent state. The amplitudes of the quiescent state may exceed the peak values of 
the spiking state as shown in Fig. 5(c2). Therefore, the values of some points are larger than those 
values in part 1 in Fig. 5(c1).
From Fig. 5(d1), the fluctuation range of x has a tendency to increase. More specially, the 
fluctuation range of x starts as straight lines in part 1 and then enlarges to an interval in part 2. It 
means that the system is in stable state in part 1, while the stability of the system deteriorates in part 
2. It is further proved that the fast-slow phenomenon is unfavorable to the stability of the system. 
Therefore, the values of A in part 2 should be avoided from the point of view of reliability and 
stability. From Figs. 5(d2)-(d3), the fast-slow dynamic behaviors are particularly obvious. Hence, x 
is observable or measurable under the existing technology. In other words, x is an important 
parameter to judge whether or not the hydraulic generating system shows fast-slow dynamic 
behaviors. In addition, the fast-slow dynamic behaviors only occur in crests in Fig. 5(d2), i.e., the 
process of system evolution is spiking state, quiescent state and then spiking state.
From Figs. 5(a)-(d), all the above phenomena suggest that the values of A have a great 
influence on the fast-slow dynamic characteristics of the hydraulic generating system. The 
fluctuation range of all variables is increasing with the increase of A. The system starts as the stable 
state, and then it goes into the unstable state with A varying. In addition, the fast-slow dynamic 
behaviors of h3 and x are stronger than those of q1 and the relative deviation for h2. Meanwhile, the 
quiescent state of q1, h2 and h3 occur between the crests and the troughs, while the quiescent state of 
x occurs at the crests.
4 Conclusions
Hydraulic generating system is a typical complex system with multi-timescales. In order to 
reveal the multi-timescales behaviors, the electrical load characterized with periodic excitation is 
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introduced into the system. Based on this, the influences of differential adjustment coeﬃcient, 
amplitude and frequency on the dynamic behaviors of the hydraulic generating system are 
investigated in detail by numerical experiments. First, the four parameters of the hydraulic 
generating system show different intensity fast-slow dynamic phenomena with the change of each 
variable. The oscillation intensity of the relative deviation for inlet head of hydro-turbine (h3) and the 
relative deviation of turbine speed (x) is stronger than that of the relative deviation of the flow in 
headrace tunnel (q1) and the relative deviation for the base head of surge tank (h2). Second, the 
relative deviation of turbine speed (x) is an observable parameter to judge whether the system shows 
fast-slow dynamic behaviors based on the present technology. Third, the increase of amplitude (A) 
can enhance the fast-slow dynamic behaviors which are detrimental to the stability. Conversely, the 
fast-slow dynamic behaviors weaken as differential adjustment coefficient (kd) or frequency (w) 
increase, which can improve the stability of the system.
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Fig. 1. Structural diagram of a hydraulic generating system with upstream surge tank.
Page 18 of 26
http://mc.manuscriptcentral.com/jvc






























































Fig. 2. Diagram of the hydraulic-mechanical system with upstream surge tank.
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(a1) Bifurcation diagram of q1-kd.      (a2) Time waveform of q1.          (a3) Phase trajectory of q1-y.







































(b1) Bifurcation diagram of h2-kd.      (b2) Time waveform of h2.          (b3) Phase trajectory of h2-y.



































(c1) Bifurcation diagram of h3-kd.      (c2) Time waveform of h3.          (c3) Phase trajectory of h3-y.
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(d1) Bifurcation diagram of x-kd.      (d2) Time waveform of x.          (d3) Phase trajectory of x-y.
Fig. 3. Fast-slow dynamic responses of the hydraulic generating system for A=0.005, w=0.1.
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(a1) Bifurcation diagram of q1-kd.      (a2) Time waveform of q1.          (a3) Phase trajectory of q1-y.







































(b1) Bifurcation diagram of h2-kd.      (b2) Time waveform of h2.          (b3) Phase trajectory of h2-y.






























h 3 spiking state
quiescent state
(c1) Bifurcation diagram of h3-kd.      (c2) Time waveform of h3.          (c3) Phase trajectory of h3-y.
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(d1) Bifurcation diagram of x-kd.      (d2) Time waveform of x.          (d3) Phase trajectory of x-y.
Fig. 4. Fast-slow dynamic responses of the hydraulic generating system for A=0.005, kd=1.3.
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(a1) Bifurcation diagram of q1-kd.      (a2) Time waveform of q1.          (a3) Phase trajectory of q1-y.








































(b1) Bifurcation diagram of h2-kd.      (b2) Time waveform of h2.          (b3) Phase trajectory of h2-y.







































(c1) Bifurcation diagram of h3-kd.      (c2) Time waveform of h3.          (c3) Phase trajectory of h3-y.
Page 24 of 26
http://mc.manuscriptcentral.com/jvc


































































































(d1) Bifurcation diagram of x-kd.      (d2) Time waveform of x.          (d3) Phase trajectory of x-y.
Fig. 5. Fast-slow dynamic responses of the hydraulic generating system for kd=1.3, w=0.1.
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Table 1. Hydraulic generating system model parameters.
Symbols Parameters
q1 Relative deviation of the ﬂow in diversion tunnel, p.u.
h2 Relative deviation for the base head of surge tank, p.u.
h3 Relative deviation for the inlet head of hydro-turbine, p.u.
x Relative deviation of turbine speed, p.u.
y Relative deviation of the guide vane opening, p.u.
x4 Intermediate variable, p.u.
eqhm, eqym, ehm, eym Transfer coefficients, p.u.
Tw1 Flow inertia time constant of diversion tunnel, s
Tw3 Flow inertia time constant of penstock, s
Tab Hydro-turbine inertia time constant, s
Tj Time constant of surge tank, s
hf1 Frictional head loss of penstock, p.u.
Ty Engager relay time constant, s
en Synthetic self-regulation coefficient, p.u.
r Reference input, p.u.
kp Proportional adjustment coeﬃcient, p.u.
ki Integral adjustment coeﬃcient, s−1
kd Differential adjustment coeﬃcient, s
A Amplitude of the periodic excitation, p.u.
w Frequency of the periodic excitation, p.u.
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Table 2. The values of the system parameters.
Parameters Values Units Parameters Values Units
eqhm 0.55 p.u. Tj 168 s
eqym 0.6 p.u. hf1 0.01 p.u.
ehm 1.3 p.u. Ty 0.2 s
eym 1.2 p.u. en 0.1 p.u.
Tw1 0.01 s kp 5 p.u.
Tw3 0.82 s ki 4.5 p.u.
Tab 5.5 s
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